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Abstract. We construct flows on an amalgamated free product 
factor and characterize the Rohlin property for them by freeness 
of R x Z actions on a measured space. As a corolally, it turnes 
out that there exist Rohlin flows on an amalgamated free product 
factor. This shows that the classification theorem of Masuda and 
Tomatsu for the Rohlin flows is very useful also for flows on non- 
McDuff factors. We actually classify constructed Rohlin flows. 

1. Introduction 

In this paper, we construct Rohlin flows on amalgamated free prod- 
uct factors and classify these flows. 

Studying group actions is one of the most interesting topics in opera- 
tor algebra theory. After Connes [1] , [2] has completely classified single 
automorphisms of the approximately finite dimensional (hereafter ab- 
breviated AFD) IIx factor up to cocycle conjugacy, the classification of 
group actions has been remarkably developed; discrete amenable group 
actions on the AFD factors are completely classified [SJ, [IB] , [T7] . [22] . 
[25] . [2U] . and there has been great progress in the classification of com- 
pact group actions by Masuda and Tomatsu [IB], [IH], [2U]- Then our 
next interest is the classification of non-compact continuous groups, 
especially, R actions (flows). In the study of flows, a great deal of 
things remain to be done. One of the main topics related to flows is 
about "outerness" for flows. Defining the appropriate "outerness" for 
flows, constructing and classifying "outer" flows are studied by many 
people. The first studies of this type have been done by Kawahigashi 
[ID], HI], [12] • As in Theorem 1.6 of [10], Theorem 16 of [D], he con- 
structed flows on the AFD IL factor by various ways, and for these 
flows, studied when it is "very outer" (which is equivalent to being 
cocycle conjugate to an infinite tensor product type action with full 
Connes spectrum). Later, Kishimoto [16] defined the Rohlin property 
for flows on C*-algebras as in the Introduction of [16j, which is a can- 
didate for "being very outer" for flows. Kawamuro [14| defined the 
Rohlin property for flows on the AFD Hi factor as in Definition 2.2 of 
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[H]. They have also shown that the Rohlin property is equivalent to 
cohomology vanishing property as in Theorem 2.1 of [IB], Theorem 3.1 
of [T4], which corresponds to one of the key lemmas (Theorem 2.1.3 of 
PQ) for Connes's classification theorem (Theorem 2 of [1]) for outer Z 
actions. Recently, Masuda and Tomatsu [21] defined the Rohlin prop- 
erty for R cocycle actions on arbitrary separable von Neumann algebras 
as in Definition 4.1 of [21] and established the classification theortem 
for the Rohlin flows as in Theorem 5.14 of [21 J . So what we have to do 
next is to characterize the Rohlin property by other properties. The 
definition of the Rohlin property (See Definition 2.2 of [T4], Definition 
4.1 of [2T] or Definition [2]) is difficult to check because it is related to 
the continuity of R a- M u , which is very delicate. So characterizing 
the Rohlin property by other ones is meaningful. There are a great 
deal of "outerness" for flows and they have the following relations: 

minimal 

I 

Rohlin — > strongly outer — > full Connes spectrum 

I I 
centarally outer — > outer 

For flows on the AFD Hi factor, whether strong outerness, or central 
outerness and having full Connes spectrum imply Rohlin property or 
not is a very important problem (Conjecture 8.3 and Problem 8.6 of 
[2~T]). However, for flows of non-AFD factors, strong outerness does 
not imply the Rohlin property as in Example [211 Hence to show that 
strong outerness implies the Rohlin property, we may use some special 
properties of the AFD llx factor. So the essencial part of the char- 
acterization problem of the Rohlin property may be whether central 
outerness and full Connes spcetrum imply the Rohlin property or not 
and there is a chance that this is true without any assumption such 
as approximate finite dimensionality for factors. So it may be useful 
to consider this problem for flows on non-AFD, especially non-McDuff 
factors. Although no examples had been known, there is a chance for 
non-McDuff but non-full factors to admit a Rohlin flow (Problem 8.2 
of [2T]). Important examples of non-McDuff, non-full factors are con- 
structed by amalgamated free products (hereafter abbreviated AFP) 
as shown in Theorem 8 of [33]. In this paper, we construct some flows 
on an AFP factor (Proposition [TUI) . and characterize the Rohlin prop- 
erty for these flows (Theorem [T6|) . As a corollary, it turnes out that 
there are Rohlin flows on this non-McDuff factor (Example [TTj) . We 
also consider Problem 8.2 of [21]. We give a sufficient condition for a 
class of AFP factors to admit a Rohlin flow (Theorem [25]) . Besides 
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constructions, classification of flows is very important. Since Masuda 
and Tomatsu's classification theorem for Rohlin flows is applicable not 
only for flows on McDuff factors but also for flows on non-McDuff fac- 
tors, we actually classify Rohlin flows constructed in Theorem [161 U P 
to strong cocycle conjugacy (Theorem [291). It turned out that "almost 
all" flows are mutually different, up to strong cocycle conjugacy. We 
interpret that this is because Int(M) is too small for an amalgamated 
free product factor M. So we would like to know the difference between 
cocycle conjugacy and strong cocycle conjugacy. We give an example of 
a pair of two flows which is not mutually strongly cocycle conjugate but 
cocycle conjugate (Theorem 131]) . We also give a conjugate- type clas- 
sification for some Rohlin flows on amalgamated free product factors 
(Theorem [331) . 

Acknowledgements. The author is thankful to Professor Reiji 
Tomatsu, who raises his interest in this problem and give him very use- 
ful advice. The author would also thank Professor Yasuyuki Kawahi- 
gashi, who is his advisor and Professor Toshihiko Masuda for their 
valuable comments. 

2. Preliminaries 

In this section, we collect basic facts about Rohlin flows and amal- 
gamated free product factors. Here, M always denotes a separable von 
Neumann algebra. 

2.1. The u-topology on Aut(M). First, we recall a topology on 
Aut(M). For detail, see Section 3 of Haagerup [5]. We consider the 
weakest topology on Aut(M) which makes Aut(M) 3 a i— > o a G 
(M^norm) continuous for all G M*. By this topology, Aut(M) is a 
separable topological group and is metrized by a complete metric. We 
call this topology the u-topology. A continuous group homomorphism 
a : R — > Aut(M) is said to be a flow. In general, for a net {c^} 
in Aut(M), it is not easy to check the convergence in the u-topology. 
However, by the following theorem by Haagerup [3], it is possible to do 
this in the u-topology of finite factors. 

Theorem 1. (Proposition 3.7 of [5J) Let (p be a normal faithful state on 
a separable von Neumann algebra M. Set Aut^M) := {a G Aut(M)\<po 
a — <f}. Then on Aut v (M), ctj -> a in the u-topology if and only if 
cti(x) — > a(x) for all x G M . 

2.2. Ultraproduct von Neumann algebras. Next, we recall ultra- 
product von Neumann algebras. For detail, see Chapter 5 of Ocneanu 
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[22] . Let w be a free ultrafilter on N. We denote by l°°(M) the C*- 
algebra consists of all bouded sequences in M. Set 

I u ■= {(x n ) G / 00 (M)|*strong-lim n ^(x„) = 0}, 

:= {(x n ) G /°°(M)|for all (y n ) G I m 

we have (x n y n ) G I u and (y n x n ) eJj, 

C w := {(x n ) G /°°(M)|for all G M#, lim || [0, xj ||= 0}. 

n— kj 

Then we have 4 C C u C A^ and J w is a closed ideal of iV u . Hence we 
define the quotient C*-algebra M w := N u /I u . Denote the cannonical 
quotient map N u — > M w by n. Set M u := tc(C w ). Then it turns out 
that M w and M u are finite von Neumann algebras as in Proposition 
5.1 of Ocneanu [22J. Let a be an automorphism of M. We define 
an automorphism a w of M w by a w ((a; n )) = (a(x n )) for (x„) G M w . 
Then we have a w (M w ) = M u . By restricting to M u , we define an 
automorphism a w of M w . Hereafter we denote and a w by a if there 
is no chance of confusion. 

2.3. The Rohlin property. We review basic facts about Rohlin flows. 
Rohlin flows are "sufficiently free flows". It may seem natural to call 
a flow a:Rr\M free if a t is free for all t ^ 0. But it is not enough 
from some viewpoint. There are a great deal of these point wise-free 
flows which are not mutually cocycle conjugate on the AFD Hi factor. 
Among them, there are flows with Connes spectrum zero as in Kawahi- 
gashi [12]. So for a candidate for the class of "sufficiently free" flows, 
the Rohlin property for flows has been introduced by Kishimoto [16], 
Kawamuro [H], Masuda and Tomatsu [i21j. 

Let w be a free ultrafilter on N. Choose a normal faithful state <p on 
M. For a flow a on a von Neumann algebra M, set 

M Ut(X := {(x n ) G M w |for all e > 0, there exists 5 > such that 

{n G N| ||«i(x n ) — x n ||E, < e for \t\ < 6} G to}. 

Where, \\x\\^ := ^/(f(x*x) + <p(xx*), which metrizes the *strong topol- 
ogy of the unit ball of M. This is a von Neumann subalgebra of M w and 
satisfies oi t (M ua ) = M^ a as in Lemma 3.10 of Masuda and Tomatsu 

m- 

Definition 2. (Definition 2.2 of [H], Definition 4.1 of [21]) 

We say that a flow a has the Rohlin property if for any p G R, there 
exists a unitary u G U(M u>a ) with a t {u) = e~ ipt u for t G R. 
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For Rohlin flows, the following theorem holds, by which we may 
regard Rohlin flows as sufficiently free flows. 

Theorem 3. (Corollary 4.13 of [21]) 

For a flow a on a factor M , consider the following three conditions. 

(1) The flow a has the Rohlin property. 

(2) The flow a is strongly outer. If M is of type II\, this is equivalent 
to (M xi « R)nM' — C. 

(3) The flow a has full Connes spectrum and a t is outer for all t ^ 0. 
Then we have (1) => (2) (3). 

Although the Rohlin property is somehow strong, there are a great 
deal of ways of constructing Rohlin flows. For example, a trace scaling 
flow on the AFD 11^ factor has the Rohlin property as in Theorem 6.18 
of Masuda and Tomatsu [21] . This is deeply related to the uniqueness 
of the AFD type IIIx factor. For other examples, see Example 2.3 of 
Kawamuro [H] and 6.2 of Masuda and Tomatsu [21] • Next, we recall 
a classifcation theorem for Rohlin flows. 

Definition 4. (2.2 of [21]) 

Let 9 1 , 9 2 be two flows on a von Neumann algebra M. 

(1) The two flows 9 l and 9 2 are said to be conjugate if there exists 
an automorphism a of M such that 9\ = o o 9\ o a -1 . 

(2) The two flows 9 1 and 9 2 are said to be cocycle conjugate if there 
exists an automorphism a of M and 2 -cocycle {u t }teR (i- e , t t-> Ut G 
U(M) is * strongly continuous and satisfies Ut+ S = Ut6 t {u s )) with Adw*o 
02 = a o 9] o a- 1 . 

(3) The two flows 8 1 and 9 2 are said to be strongly cocycle conjugate 
if there exists an approximately inner automorphism a of M and 8 2 - 
cocycle {u t }t<=R with Adu t o 9 2 = a o 9\ o a~ l . 

For Rohlin flows, there is a complete classification theorem, up to 
strongly cocycle conjugacy. 

Theorem 5. (Theorem5.14 of |21j) For two Rohlin flows 9 1 , 9 2 , they 
are strongly cocycle conjugate if and only if 9] o 9 2 _ t G Int(M) for all 
t. In particular, there is a unique Rohlin flow up to strongly cocycle 
conjugacy on the AFD \li factor. 

2.4. Amalgamated free products. In order to construct Rohlin flows 
on non-McDuff factors, of course, examples of non-McDuff factors are 
important. One of the important classes of non-McDuff factors con- 
sists of amalgamated free product factors. Here, we list up facts about 
amalgamated free product factors needed for our construdtion. For 
detail, see Popa [24], Popa [25], Ueda [33], [34]. 
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Theorem 6. (3 of [21], Definition2.4, Theorem2.5 of [33] ) 

Let A, B be two von Neumann algebras with a common von Neu- 
mann subalgebra D. Suppose that there exist normal faithful condi- 
tional expectations Ea : A —¥ D, Eb '■ B — > D . Then there exists a von 
Neumann algebra M with the following properties. 

(1) There are normal faithful representations tta '■ A — > B(H), hb '■ 
B — > B(H) such that tta\d = ^b\d- 

(2) M=(n A (A)\Jn B (B))". 

(3) There exists a normal faithful conditional expectation E : M — ^ D 
such that E(tta(x)) = tta(Ea(x)), E{n B (x)) = n B (E B (x)) . 

(4) The von Neumann algebras A and B are free with amalgamation 
over D, i.e., 

E(xi ■ ■ -x n ) = 0. 

for n £ N , Xi £ kerE o n Cv d = A,B for i — 1, • • -n, Ci ^ C i+ i for 
i — 1, • • -n — 1. 

Moreover, this M is unique in the following sence: if (ir\, tt b , E\, 
Mi) and n B , E 2 , M 2 ) satisfy the above conditions (l)-(4), then 
there exists a unique *-homomorphism (ft : Mi — > M 2 with (ftoir\ = tt\, 

(fto7T B = Kg, (ft O Ei = E 2 O (ft. 

Definition 7. (Definition 2.4 of [33] ) 

The von Neumann algebra M constructed above is said to be the 
amalgamated free product of A and B relative to D and denoted by 
A* D B. 

This definition depends on the choice of Ea and Eb- However, if D 
is a common Cartan subalgebra of A and B, Ea and Eg are unique. 
Hence, in this case, M depends only on the choice of A, B and D. For 
our purpose, the following properties are very useful. 

Theorem 8. (Theorem 4.3 of [33]) 

If both A and B are of non-type I and if D is a common Cartan 
subalgebra of A and B, then M is a factor. 

Theorem 9. (Theorem 8 of [34] ) 

We have M^ = [\M' C D w . In particular, M can never be a 
McDuff factor. 

3. Construction of Rohlin flows 

3.1. Construction of Rohlin flows. Here we construct Rohlin flows 
on some amalgamated free product factors. Let D = L°°(X, /x) be a 
diffuse separable abelian von Neumann algebra, where fi is a probability 
measure. Choose a free ergodic /i-preserving action a : Z rx D. Then 
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A := D x\ a Z D D is & pair of the AFD type Hi factor and its Cartan 
subalgebra. There is a unique action a * a : F 2 rv D which satisfies 
a * a(a) = a, a * a(b) = a, where a, b are two generator of F 2 . Set 
M := A *£, A. Then M is isomorphic to D x a * a F 2 because the latter 
satisfies conditions (l)-(4) of Theorem [6j This M is a non-McDuff 
factor by Theorems [8] and HI 

Proposition 10. (See also Theorem 2.6 of [33] ) 

Let 9 : R rx D be a flow commuting with a. Let {u\} be 8-cocycles 
{i = 1,2). Then we can extend 9 to M by 9 t (X a ) = u\\ a , 9 t (X b ) = u^X b 
for t e R. 

Proof . Fix t G R. Since 9 t commutes with a, the injective homomor- 
phisms n A : A = {{X a } U D}" ^ A * D A, tt b : A = {{X b } U D}" ^ 
A *o A satisfying the following are well-defined. 

^a{Xo) = ujX a , ir B {X b ) = ufXb, 7r A (x) = 7f B (x) = 9 t {x) for x e D. 

Since this (tia^b) satisfies conditions (l)-(4) of Theorem [BJ there 
exists an automorphism 9 t of A *£> A such that ^|{{A a }uD}" = ^a, 
9t\{{\ a }uD}" = ttb- By using Theorem [fl the map t h->- 9 t is continuous 
with respect to the u-topology. 

□ 

For the above flows, we give a characterization of the Rohlin property. 
First, we study free actions of R x Z on the standard probability space. 

Definition 11. (p. 52 of [23]) Let G be a locally compact group and let 
(X, fi) be the diffuse standard probability space. A fi-preserving action 
R : G rx (X, /i) is said to be free if there exists a measuarable subeset 
E of X such that fi(X \ E) — and G 3 g H- R g x G X is injective for 
all x G E. 

Proposition 12. Let R : R x Z X be a continuous action on 
a compact Hausdorff separable space X (i.e., R x Z x X — > X is 
continuous) and fi be a non-atomic Borel probability measure on X. 
Assume that R is ergodic as an action on a measured space. Then the 
following two conditions are equivalent. 

(1) The action R is not free. 

(2) There exists a non-zero (t, n) G R X Z such that R(t, n ) = idn- 

Proof . Since the implication (2) =^ (1) is trivial, we show the implica- 
tion (1) ^> (2). Assume that condition (1) holds. First, we give an order 
on R>o x Z. First we give a total order <z on Z so that G Z is the 
smallest element. The order < on R>o x Z is defined by (t, n) < (s, m) 
if n <z "2, or n =z m and t < s. For each x G X with (t, n) i— > i?(j jn )(x) 
being non-injective, there exist the smallest (t x , n x ) G R>o x Z\{(0, 0)} 
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satisfying R(t x ,n x )% — x because (t,n) h-> R(t, n ) x is continuous. Set 
E(t,n) '■= {% G X\(t x ,n x ) = (t,n)}. Then first we show the following 
claim. 

Claim 1. For any interval / = [(0, 0), (t, n)\ of R>o x Z, the set 
U(t,n)6/ E (t,n) is measurable. 

Proof of Claim 1. Set R : R x Z x X -)■ X x X by (i, n, x) i-)- 
(R(n,t) (%) i x) . Then this is continuous. So the inverse image of the 
diagonal set A of X x X by R is closed. Hence .R~ 1 (A) D (I X X) 
is written as a countable union of compact sets. Hence the image 

p ^R _1 (A) fl (/ x XU of this set by the projection p:RxZxI->I 
is also written as a countable union of compact sets. Hence this is 
measurable. Since we have U(t, n )e/ E(t,n) — V {R~ X (.^) H (J X X)j, we 
are done. 

Next, we show the following claim. 

Claim 2. There exists non-zero (t, n) e R>o x Z with /j,(Eu n -\) > 0. 
Proof of Claim 2. If this were not true, by (1) and the Lebesgue 
monotone convergence theorem, there would exist (to, n ) satisfying 

M (J =/M U £(*,n) /2(>0). 

v (*,n)<(t 0) n ) / \(t,n)eR> xZ J 

However, since R x Z is abelian, |L n )<( to „ ) E(t,n) is preserved by 
Borel isomorphisms R(t,n) for all (t, n) G R x Z. This contradicts the 
ergodicity of the action i?. 

We now come back to the proof of Proposition [12j By Claim 2 and 
the proof of Claim 2, there exists non-zero (t, n) G R>o x Z such that 
fx (E(t <n )) = 1. Hence we have condition (2). □ 

Next, we consider a Rohlin type theorem for R x Z actions on the 
standard probability space. The next theorem is very useful to study 
Rohlin property for flows on M. In appendix, we give a proof of this 
theorem which is proved with the same argument as in the proof of II 
5 3. Theorem 2 of Ornstein and Weiss 



Theorem 13. (See also II § 3, Theorem 2 of [23]) Let R be a p, - 

preserving free ergodic action of R x Z on the standard probability 
space (X, p). Then for any e > 0, for any N G N and for any T > 0, 
there exists a Borel subset Y G X with the following properties. 

(1) The set A := U|t|<T,|n|<iv -^(*,n)00 ^ s B° re ^ measurable and sat- 
isfies p(A) > 1 — e. 
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(2) There is a Borel isomorphism F : A = Yx [-T, T] x{ — N, • • • , iV} 
and a Borel measure v on Y such that 

fiF^ 1 — v <S> Lebesgue measure ® counting measure. 

(3) Under this identification, we have 

R(t,n)(y, s, m) = (y,s + t,m + n) 

for y G Y, \s + t\ < T, \s\ < T, m G {-N, ■ ■ ■ , N}, \m\ < N, 
\n + m\ < N. 

To investigate R x Z actions on the separable diffuse abelian von 
Neumann algebra, we use the following theorem. 

Theorem 14. (Proposition XIII. 1.2 of [H]) Let (3 : G rx A be an 

action of a locally compact separable group G on the diffuse separable 
abelian von Neumann algebra. Then there exists a compact separable 
space Q, a Borel measure fi on Q, an isomorphism a : A — )■ L°°(f2, //) 
and a non-singular continuous action R : G rv Q such that a o (3 g o 
a-\f) = foR g ^forfEL^{n^). 

Definition 15. An action : R x Z rx A is said to be free if R : 
R x Z rx Q in Theorem [X|] is free. This definition is independent on 
the choise of(Q,R) because of Proposition [IB. 

Theorem 16. For flows constructed in Proposition consider the 
following five conditions. 

(1) The flow 6 has the Rohlin property. 

(2) The action {{9 t \ D )a n }^ t ,n)eRxz is free on D. 

(3) The flow 9 is centrally free. 

(4) The flow 9 is centrally free and has full Connes spectrum. 

(5) The flow 9 is strongly outer. 

Then we have implications (1) <^ (2) <^ (3) <^ (4) =^ (5). 

Proof . The implications (1) =>■ (4) (3) and (1) =>• (5) follow from 
Theorem [3j Hence it suffices to show the implications (3) =^(2) and 
(2) =» (1). 

First, we show the implication (3) =>- (2). Assume that condition (2) 
does not hold. Then by Theorem [T21 there exists (t, n) ^ such that 
9 t = a n . We have t ^ because a is ergodic. Hence for x G M w C D u ', 
we have 9 t (x) = X a nxX a -n = x, which implies that condition (3) does 
not hold. 

Next, we show the implication (2) =^ (1). Suppose that {ftftn}(i,n)eRxz 
is free. Fix n G N. It is enough to construct a sequence {u n } of unitary- 
elements of D such that 

(i) ji (\9 t (u n ) - e~ ipt u n \ 2 ) < n~ 2 for \t\ < n, 
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(ii) fx (\a(u n ) - u n \ 2 ) < n 2 . 



u n {y,s,m) :-- 



Assume that we have these w n 's. Then by condition (ii), {u n } as- 
symptotically commutes with A a and Hence by Theorem [9] {«„} 
is a centralizing sequence. By using condition (i), we have 6 t ({m„}) = 
e~ ipt {u n } for t G R. 

Regard X as a compact Hausdorff separable space and let S : R rv 
(X, fi) and T : Z rv (X, //) be continuous actions satisfying the follow- 
ing equations. 

/($(*)) = M/)C«0 

for t G R, s G X, 

/(T(x)) = a- 1 (/)(x) 

for x G X (See Theorem [T4"j) . By using Theorem [13] for T := 8n 3 , 
X := 8n 2 , e := l/8n 2 , i2( s ,m) := S s T m , there exists a Borel subset 
K C X satisfying the conditions in Theorem [13] 
Set 

D ips £ or ^ ^ m ^ g ^ 

for a; G X\A 
Then by condition (3) of Theorem [13], we have 

(9 t (u n ) - e _ipt M n )(x) = for x G {(y,s,m) G A| |s| < T -n}. 
Hence we have 

K\0tM - e- ipt u n \ 2 ) < 4/i(X\{(y, s,m)eA\\s\<T- n}) 

= 4//(X\A) + s,m)eA\ \s\> T — n}) 

< 4{e + n/T) = n~ 2 . 
By similar computation to this, we have 

fi(\a(u n ) - u n \ 2 ) < rT 2 . 

□ 

By this theorem, it is possible to see that there exists Rohlin flows 
on the factor M. 

Example 17. Let D = L°°(T 2 ) and let a : Z rv D be an action defined 
by 

a(f)(r,s) = f(r-l/y/2,s-l/V3) 
for (r,s) G T 2 , / G D. Then D 

^a*a F 2 is isomorphic to M. By 
Theorem [TO] we can define a flow x ^,q : R rv L> x Q * Q F 2 by 

^n/)M) = /(r-pM-gt) 
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for (r,s) E T 2 , / e D, t E R, 

0^' p ' q (X a ) = e lXt X a , 6} m (\ b ) = e**h 

for t G R. This 6 x ' ll ' p ' q has the Rohlin property if and only if 

(p> <?) 7^ r(n/\/2 — m, n/v3 — /) (1) 
for any r G R, n, m, / G Z. 

Proof . To show this, by using Theoem [TBI it is enough to show 
that {6t m \ D a n } is free if and only if (JTJ) holds. By Theorem [121 
{6* t '^'^Dttn} is not free if and only if 9 t ,tl,p,q \ D = a n for some (t,n) ^ 
(0,0). For (t,n) G R x Z, el m \ D = a n if and only if pt = n/y/2 + m 
and qt = n/y3 + l for some m, Z G Z. Hence {^'^Icc* ra } is not free if 
and only if (p, g) 7^ (n/y/2 + m, n/ v3 + l)/t for all £ G R, n, m, I G Z. 
Hence we are done. □ 

The implication (5) (1) in Theorem [T6l does not hold. To see this, 
first, we recall the notion of minimality of actions. 

Definition 18. (Definition 6.11 of [21]) An action 8 of a locally com- 
pact group G on a von Neumann algebra M is said to be minimal if 9 
is faithful and satisfies (M 9 )' n M = C. 

By Takesaki's duality theorem, minimality implies strong outerness. 
Hence, in order to show that the implication (5) =>• (1) of Theorem [TBI 
it is enough to construct a minimal flow without the Rohlin property. 
To do this, we use the uniqueness of Fourier expansion. 

Definition 19. Let D be a von Neumann algebra on a Hilbert space H 
and let G be a countable discrete group. Consider the crossed product 
algebra D x Q G by an action a : G r\ D {this needs to be neither free 
nor ergodic). Set p : l 2 (G) <g) H 3 £ i-> £(e) G H . For x G D x a G and 
g G G, set x g := px\ g -ip G pDp. We formally write x = J2 g x g^g an d 
call this the Fourier expansion of x. 

Proposition 20. Let x = Yl g x g- >K 9 ^ D xi a G. Then we have the 
following: 

(1) (uniqueness) If x g = for all g EG, we have x = 0. 

(2) J2 g II x g ll!< 00 (Although ^2 g x g X g does not converge in weak 
topology). 



Proof . (1) We have (x(£<8>6 g -i), 77® 8 e ) = (px\ g - 1 p((,®5 e ),ri®5 e ) = 
for all £, 77 G H, g E G. 
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(2) Let e g : L 2 (T) ® Z 2 F 2 ->■ L 2 (T) g> C5 9 be the projection. Then 
we have 

{e g x(l ®8 e ),T]® S g ) = (X g e\ g -ix(l <g> S e ), T] <g> 5 fl ) 

= (eA s -ixA g A g -ie(l <g> <5 e ), r? <g> 5 e ) 
= ({\g-i(x)\g) g ,7i) 
= (a g -i(x g ),ri) 

for any 77 G L 2 (T). Hence we have e 9 x(l <8> <J e ) = (ag -1 ^)) <g> 
S g . Hence we have oo >|| x(l <8> <5 e ) || 2 = J2heG II e ^ x (l ® <^e) || 2= 

Example 21. Regard D as L°°(T) and a : Z rx L°°(T) as a(/)(s) = 
f(s — t/\/3). Define 6 1 as follows. 



Ot(f)(s) :=f{s-ti 
for / G D , 

e t (Xa) := e 2 ^A Q , 

9 t {\ b ) := e 2 ^^\ b . 
Then this 9 is strongly outer but does not has the Rohlin property. 

Proof . By the implications (1) (2) of Theorem [161 $ does not have 
the Rohlin property. We show the minimality of 9. It is easy to see that 
the flow 9 is faithful. We show (M 9 )' n M = C. Take x G {M 9 )' n M. 
Let x = ^2 g€ F 2 x a^9 ^ e ^ ne F° ur i er expansion of x. Put c := ab~ 2 , 
d := 6 _2 a. Then since x commutes with A c , we have 

1 ^2a^ 1 (x g )\ cg = \ c x = x\ c = y^x ege -iA C g. 

9 9 

Hence we have = x cgc -i, and hence a _1 (|x g | 2 ) = \x cgc -i\ 2 . 

Since a preserves /i, /i(|x^| 2 ) is constant on h G {c"gc~ n } nez for all 
g G G. Hence by Proposition [23 we have x g = if <? 7^ c n for some 
n G Z. Since x commutes with A^, x g = if g ^ d n for some n 
by the same argument as above. Hence we have x G D. Since x 
commutes with A c , x must be a scalar because a is ergodic. Hence 9 is 
minimal. □ 



As in Theorem 6.12 of Masuda and Tomatsu [21], for flows on the 
AFD Hi factor, minimality and strong outerness imply the Rohlin prop- 
erty. However, this does not hold for our flows by the above example. 
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3.2. Examples of factors admitting Rohlin flows. Next, we con- 
sider the following type question: 

What amalgamated free product factors admit Rohlin flows ? 

For simplicity, we consider the following situation: 

Let A := D x Q G for some non-singular free ergodic action a : G rx 
D. We consider when M := D y\ aifa [G*G) (= A* D A) admits a Rohlin 
flow. Of course, full factors cannot admit Rohlin flows by Definition [2j 
The condition that a given amalgamated free product factor relative 
to a common Cartan subalgebra is full is studied by Ueda [M]. The 
following is a part of his theorem: 

Theorem 22. (Corollary 10 of [33]) 

The factor M is full if and only if a is strongly ergodic, that is, for 
any sequence of Borel sets {B n } in X with n(sB n A B n ) — > for all 
s G G satisfies fi(B n )(l — fi(B n )) — > 0. 

For detail of strong ergodicity, see Schimidt [26], [27]. By the above 
theorem, non-strong ergodicity of G rx (X, fi) is a necessary condition 
for M to admit a Rohlin flow. 

Example 23. If G has property (T), then every free ergodic action 
G rx (X,fi) is strongly ergodic as in Proposition 2.10 of Schmidt [27]. 
Hence D x ttm (G * G) is a full factor. 

Next, we give a sufficient condition for these factors to admit a Rohlin 
flow. First, we recall the notion of stability. 

Definition 24 (Definition 3.1 of [7J). An action T : G rx X is said to 
be stable if it is orbit equivalent to the action TxS: GxZrxXxY, 
where S : Z rx Y is the amenable free ergodic probability measure 
preserving action. 

Theorem 25. Assume that the action a is stable, then M := A *d A 
has Rohlin flows. 

Proof . To see this, first, we note that 

A* D A = (L°° (X)®L°° (Y)) x (aX7 )*(ax 7 ) ((G x Z) * (G x Z)) . (2) 

We denote by 7 the amenable free ergodic probability measure pre- 
serving action. Since a is orbit equivalent to a x 7 : (G * H) x Z rx 
L 00 (X)^)L 00 (Y), there exists an isomorphism 

tt : A = (L°°(X)®L 0O (Y)) x QX7 (G x Z) 
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such that it o = <lST4) )>aX7(GXZ) ° *■ Set 

7T A : A A (L 00 (X)®L 00 (F)) x QX7 (G x Z) 

= (L 00 (X)®L 00 (F)) x (QX7) „ rf ((G x Z) * {e}) 

^ (L 00 (X)®L 00 (F)) x (a x 7 )*(ax 7 ) ((G x Z) * (G x Z)) , 

tt b : A A (L 0O (X)®L oo (y)) x aX7 (G x Z) 

= (L°°(X)®L°°(y)) ^ (oX7) ({e} * (G x Z)) 

(^(A^L 00 ^)) x (aX7) , (QX7) ((G x Z) * (G x Z)) . 

Then this {it a, ft b) satisfies conditions (l)-(4) in Theorem EJ equality 
fl2J) holds. Take 9 : R rx L°°(Y) so that 9 commuts with 7 and that 
{^7n}(t,n)eRxz is free. The flow id (g> 9 : R L°°(X x K) extends to 
A *e> A by the same argument as in the proof of Proposition [TU1 By the 
same argument as in the proof of the implication (1) ^> (2) of Theorem 
IT~6| these flows have the Rohlin property. □ 

Example 26. A countable amenable group action a : G rx X is stable. 
Hence if D C A is a pair of non-type I AFD factor and its Cartan 
subalgebra, then M := A*o A admits a Rohlin flow. The flow of 
weight of A and that of M coincide as in Corollary 5.8 of Ueda [33] . 
Hence for any flow F, there exists a factor M of above type with its 
flow of weight F. 

A group with a direct summand isomorphic to Z always admits a sta- 
ble action. Other interesting examples of stable actions are constructed 
by Kida [IS]. 

By their definition, stability implies non-strong ergodicity. However, 
the converse is not true. A group which is not inner amenable, which is 
defined in [1], does not admit stable action as in Proposition 4.1 of [7]. 
Let G be a group which has neither inner amenability nor property 
(T) (e.g., F 2 , SL 2 (Z) as shown in [4]). Then there exists an action 
a : G rx (X, fi) which is neither stable nor strongly ergodic. We do 
not know, for these action a, D x\ a * a (G * G) admits a Rohlin flow 
or not. We close this subsection by giving an examples of a factor 
D x a * a (G * G) constructed by these a admitting a Rohlin flow. The 
following action a : G rx D is considered in Corollary B of Houdayer 
and Vaes [B]. 

Example 27. Let G is a non-inner amenable group. Assume there exists 
a quotient map 7r : G — > Z (hence does not have property (T)). Let 
S : G rx (X, //) be a free action such that S\^ ern is ergodic. Set R : 
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G rx (Ixl,/i®|i) be an action denned by R g (x, y) = (T n ^(x), S g (y)), 
where T is a free ergodic action. Then a = 5*:Gn.(Ixl,/j(gi/j) is 
free ergodic, non-stable (to show freeness, we use the Fubini theorem.). 
However, it is possible to construct Rohlin flows on D y\ a * a (G * G), 
D x a G by the same argument as above. 

4. Classification of Rohlin flows 

4.1. Classification up to strongly cocycle conjugacy. In section 
3, we have shown that there are Rohlin flows on non-McDuff factors. 
Hence the classification theorem of Masuda and Tomatsu is useful for 
flows non-McDuff factors. Here we actually classify Rohlin flows con- 
structed in the above section, up to strong cocycle conjugacy. 

To do the classification, the following theorem plays an important 
role. 

Theorem 28. (Lemma 2.1 of [25], Theorem 5 of [33]) 

Let /i be a normal faithful state on D and let v, w £ U{A i10 e a ), 
xe M u . Assume that E A (v n ) = 0, E A {w n ) = (n ^ 0), vDv* = D = 
wDw* , x = vxw* . Then for 2/1,2/2 £ ker Eb, we have 

II Vix-xy 2 ||( MoB)w >|| yi(x-E"(x)) ||^ oE)u + || (x-E"(x))y 2 \\ 2 ^ oE ^, 

where (// o E) u : M w -> C, E w : M w -> D w are maps induced by /10 E 
and E , respectively. 

Theorem 29. Fix D, a. Then Rohlin flows constructed in Theorem 
[TR is completely classified by an invariant {9\d, u t u t*}> U P t° s t ron 9 
cocycle conjugacy. 

Proof . Thanks to Theorem [SJ the classification theorem of Rohlin 
flows, it is enough to show that an automorphism 9 which preserves D 
and satisfies 9(X a ) = u l X a) 9(Xf,) = u 2 Xb (it 1 , u 2 £ U(D)) is approxi- 
mately inner if and only if 9\d = id, u l = u 2 . This is shown in the 
proof of Theorem 14 of Ueda [31] in a more general setting. Here we 
give the proof briefly. 

First, we show the "only if" part. Assume that 9 is approximately 
inner. Then there exists {u n } £ M u such that 9 = lim^oo Adu n in 
the u-topology. Then by using Theorem [28] for v = X a , w = u x *X a , 
2/i = Xb, 2/2 = u 2 *Xb, x = {u n }, we have {u n } £ D w , which implies that 
9\d = id. Hence we have 

u l = 9(X a )X* a = lim u n X a u* n A* = lim u n a(u^) = lim u n X* h u* n Xb = u 2 . 

Next, we show the "if" part. Assume that 9\d = id, u 1 = u 2 . We 
construct {u n } £ D w such that u n a{u*A — > u 1 . For this, by using the 
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Rohlin lemma for a, there exists a partition {e/c}£ =0 C Proj(-D) of unity 
in D such that a(efc) = e^+i for A; = 1, • • • , n— 1, /i(e ) < l/(n+l). Set 

w n = X]fc=o' u ' Ce fc' u i = ul > ^fc+i = a ( u fc) wl - Then we have — >■ 
it 1 . Hence we have u n X a u* n —> w 1 A a = 9(X a ), u n XbU^ — > u 2 \ = 9(Xb), 
which implies that Adu n — > 9 in the u-topology by Theorem [Tj □ 

Example 30. The Rohlin flows considered in Example [T71 are completely 
classified by (p, q, A — fx), up to strong cocycle conjugacy. 

4.2. Difference Between Cocycle Conjugacy and Strong Co- 
cycle Conjugacy. By Theorem HH "almost all" Rohlin flows in the 
theorem are different, up to strong cocycle conjugacy. We interpret that 
this is because Int(M) is too small. So we would like to know the dif- 
ference between cocycle conjugacy and strong cocycle conjugacy. Here 
we give an example of a pair of two flows which are cocycle conjugate 
but not strongly cocycle conjugate. 

For a flow a on a von Neumann algebra A, denote by Sp d (a) the set 
of all eigenvalues of a. If a is ergodic, then Sp d (a) is a subgroup of R. 

Theorem 31. Let Xl > l * 1 ' Pl ' qi and e X2 ^ 2 > P2 > q2 be two Rohlin flows con- 
sidered in Example [77| Then they are cocycle conjugate if there exist 
r e R and c,d G Sp d (9\rj) such that one of the following conditions 
holds. 

(1) We have (pi,qi) = (p 2 , fe) and 

A2 \ f^i\,f r \,f c 



1^2 J Va 4 !/ \ r J \ d 
(2) We have (pi,gi) = -(^2,92) and 

i)-(-^)(iH0 + (s 



Proof . Assume that one of the above conditions holds. First, consider 
the case condition (2) holds. Let a be an automorphism defined by 

a(f)(s,t) :=f{-s,-t) 

for / G D. We show the following claim. 

Claim. The automorphism a extends to M by 

c(A ) =A 6 -i, cr(Ab) =X ab -2. 

Proof of Claim. Let (3 : Z D be an action defined by (3(f) = 
/(• + 1/V2, ■ + l/y/3). Then we have a o (3 o a 1 = a. Hence by 
Lemma 7.5 of Takesaki [3D], there exists an isomorphism tt^ '■ D xi a Z — )■ 
D x^Z = D satisfying D 3 f er(/), A a i-> A b -i. Similaly, 
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there exists an isomorphism ka '■ D x a 7i — > D yip Z = D >i ma (ab~ 2 ) 
satisfying D 3 f i-> cr(f), X a !->■ A ab -2. Then this {t^a^b) satisfies 
conditions (l)-(4) of Theorem EJ the claim holds. 

Since cr -i 6 Xl ' fll < pl < <11 \ D oa = 0-/w,Ai-2mi -pi,-?^ by perturbating by a, 
it is enough to show the case condition (1) holds. Let u, v be unitary 
elements of D such that 9 Xl '» 1 > pl ' qi (u) = e ict u, 9 Xx >^ Px > qi (v) = e ldt v. 
Then the identity map of D extends to M by cr(A a ) = uX a , a(\b) = vXb- 
By perturbating by a, we may assume that c = d = 0. Hence by using 
Theorem QH e M '^ pl ' qi and 6» A2 ^ 2 ' P2 ' 92 are cocycle conjugate. □ 

By example I5UI the flows considered in the above theorem are strongly 
cocycle conjugate if and only if Ai — = A2 — //2, Pi = P2 and q\ = q<i- 
Hence, for these flows, cocycle conjugacy and strongly cocycle conju- 
gacy do not coincide. 

4.3. Classification up to conjugacy. Next, we deal with a conjugate 
type classification. 

Definition 32. Let a, (3 : R rx M := A *d B be two flows on an 
amalgamated free product von Neumann algebra M which preserve D. 
The flows a and (3 are said to be conjugate relative to D if there exists 
9 e Aut(M) such that 

6(D) = D, 0=9oao9~ 1 . 

We classify some of Rohlin flows constructed in Theorem (THl up to 
conjugacy relative to D. 

Theorem 33. Let 9 1 and 9 2 be two Rohlin flows such that 
9\D) = D, 9\{X a ) = e^Xa, 9\{X b ) = e^%. 

for some (A», /ij) G R 2 , i = 1,2. Consider the following two conditions. 

(1) The flows 9 l and 9 2 are conjugate relative to D. 

(2) The following holds. 

(i) There exists S = ^ J G GL^Z) such that 

( \H ) ~ S ( t*i ) ' 
p + q = r + s. 

(ii) There exists an automorphism o of D which preserves D such 
that 

1 \ D = ao9 2 \ D Oct- 1 , aoaoo-- 1 = a p+q . 
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Then we have the implication (2)=>(1). Moreover, if we assume that 
O^c's are ergodic and O^d's have no non-zero eigenvalues, then the 
implication (1)=^(2) holds. 

Before starting the proof of this theorem, we prepare the following 
three lemmas. 

Lemma 34. Let D be the diffuse separable abelian von Neumann al- 
gebra. Let a be a free ergodic automorphism of D. Let {t n } C [0, 1) be 
a sequence such that Xl^Lo^™ = 1- ^fY^=o^n a n is an automorphism, 
then t n — except for only one n. 

Proof . There exists a compact Hausdorff space Y such that D = C(Y). 
Let T be an automorphism of Y such that 

foT-^aU) 

for all / G D. Arrange {t n } so that t ni > t n2 > ■ ■ ■ . Assume that 
t n2 7^ 0. Then there exists k G N such that 

oo 
l=k 

There exists y G F such that T~'y 7^ T~ m y for any I ^ m, < l,m < k. 
By using Urysohn's lemma, there exist /1, / 2 G C(F) satisfying 

< /i < 1, /i(T- n< y) = 1, /.(T-'y) = for Z G {0, 1, • • • , A;}\{n,}. 

Since X)^L tn&n is an automorphism, we have 

00 00 

X> > I>ca/l/2)(y) 

00 \ / 00 \ 

^2t n a n (fi)(y) I I ^t„a n (/ 2 )(y) I > t ni t n2 , 

\n=o / \n=o / 

which is a contradiction. □ 

Next, we consider group homomorphisms n a : F 2 — > a z = Z, rib '■ 
F 2 ->■ b z = Z such that ra (a) = 1, n a (b) = 0, n b (a) = 0, n 6 (6) = 1. 

Lemma 35. Let p, q, r, s e R and let {g n }, {h n } be two sequences in 
F 2 such that 

n a (g n ) = P, n b (g n ) = q, n a (h n ) = r, n b (h n ) = s for all n. 
Assume that {g n } U {h n } generates F 2 . Then we have 



p q 

r s 



G GL 2 (Z). 
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Proof . By the assumption that {g n } U {h n } generates F 2 , a, b are 
written as 

N N 
k=l 1=1 

respectively, where / is either g or h. Set 

x:= Yl ifc ' V := Y ik ' z:= Y w:= Y 

fn^ = 9 n k *^ n fc~^ n fc jm-^ = Qra^ fm^ = h m ^ 

Then we have 

k 

= Y i k n ai,9n k )+ Y WbiKk) = xp + yr. 

Sn k =9n k fn k =h„ k 

By the same computation as above, we have 

n a (b) = zp + wr, n b (a) = xq + ys, n b (b) = zq + ws. 

Hence we have 

1 \ = / n a (a) n b (a) \ = ( x y \ / p q 
1 J \n a (b) n b (b) J \z w J \r s 

This implies that 

' p q 
r s 

is invertible in M 2 (Z). □ 

Lemma 36. For S G GL 2 (Z), there exists a pair {g, h} of independent 
two elements of F 2 which generates F 2 and satisfies 

n a {g) n a (h) 
n h (g) n b (h) 

The maps a >->■ g, 6 (->■ h are automatically injective. 
Proof . Recall that GL 2 (Z) is generated by 

i 1W0 i\ (i o 

1 ) ' \-l -1 

We easily find {g, h} as above for these matrices. On the other hand, 
by the same computation as above lemma, we have 

n a (k) n b (k) \ = f n g (k) n h (k) \ ( n a (g) n b (g) 
n a (l) n b (l) J \n g (l) n h (l) J \n a (h) n b (h) 

for g, h G F 2 , k, I G (the subgroup generated by g and h). Hence it is 
possible to find {g, hj for all S G GL 2 (Z). □ 



S = 
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We prove Theorem 1331 

Proof . First, we show the implication (2)=>(1). By using the above 
lemma, it is possible to find {g, h} satisfying 

s = f n a(g) n b (g) \ 
\n a (h) n b (h) ) ' 

Let a be an automorphism of D such that 

a o a o a -1 = a p+q . 

We extend this a to an automorphism of M. Since 

cr o (a * a) a o a -1 = a o a o a -1 = a p+<? = (a * a) , 

there exists an isomorphism <pA from D x a * a a z to D x aiQ g z such that 
= ct(x) for x £ D, = A 9 by using Lemma 7.5 of Takesaki 

[3D]. Set 

ir A : D x a * a a z H D x a * a g z ^ D X a * a F 2 = M. 

Similarly, since 

ffo(a* a) b o a -1 = cr o a o a -1 = a p+9 = « r+s = (a * a) h , 

there exists an injetive homomorphism 

it a ■ D Xq,* q b z = D x a * a h z ^ D x Q „ Q F 2 = M 

satisfying 7Tb( Aft) = A^, ttb(x) = a(x) for x G -D. Then (714, 7Tb) satisfies 
conditions (1), (3) in Theorem [6l Since {g,h} generates F 2 , (tta^b) 
satisfies condition (2) in Theorem El Since a h-> g, b i— >■ /i is injective, 
(7Ta, 7Tb) satisfies condition (4) in Theorem El Hence the automorphism 
a extends to M so that cr(A a ) = X g , a(X b ) = A^. This a is the desired 
one because 

a' 1 o 0] o tr(A a ) = o-- 1 o ^(A g ) = e *(»»»(9) A i+«»(ff)A»i)^ a = e iX2t X a , 

a- 1 o 0* o a(X b ) = a' 1 o 6]{X h ) = e <(«-W^+^Ww)*A a = e ^ 2 %. 

Next, we assume that #|d is ergodic and has no non-zero eigenvalue and 
show the implication (1) =>■ (2). Assume that 8 1 and # 2 are conjugate 
relative to D. We first assume that Ai ^ fii or A 2 ^ /i 2 . Then there 
exists a G Aut(M) such that 

a6 2 a- 1 =6\ a(D) = D. 
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Consider the Fourier expansion cr(A a ) = J2 g eF 2 x g\- Since a6 2 = 9 1 a, 
we have 

e a2t ^x g A 9 = afl 2 (A a ) 

= e l a{\ a ) 



VgeF 2 / 



1 (x g )e i(Al " a(9)+wni ' (s)) *A s . 



Hence we have 



N _ J(^2-Xm a (g)-tJ, 1 n b (g))t 

g) ~ c A 9 



for i G R, g G F 2 . Since 9 l is free ergodic and have no non-zero 
eigenvalue, we have 

x g e C, A 2 = \in a (g) + fJ,in b (g) 

for all g G F 2 . Since <r(A a ) is a unitary of the nomalizer of D, this 
defines an automorphism of D satisfying 

1)9/4^ \x g \ 2 a na{9)+nb{9 \f) G D. 

Hence by Lemma [3U we have 

n a (g) +n b (g) 

is constant for g G F 2 , x g 7^ 0. Since we have Ai 7^ A 2 , p := n a (g) 
and g := are constant for some g G F 2 , x g 7^ 0. By the same 

argument as above, if we expand a(\b) = ^2 h XhXh, we have r : = 
n a {h) and s := ribih) are constant for some h G F 2 , 7^ 0. Since 
{{c"(A a ), cr(Afc)} U .D}" = M, by looking at the Fourier expansion, we 
can see that {g\x g 7^ 0} U {h\xh 7^ 0} generates F 2 . Hence by Lemma 
we have 



P q 

r s 



G GL 2 (Z). 



Since er(A a b-i) commutes with .D, we have p — r + q — s = 0. Moreover, 
we have 

a(a(x)) = a(X a x\* a ) = a(X a )a(x)a(X* a ) = a p+ %a{x)). 

Next, we consider the case when Ai = A 2 = /i 2 . What does 
not work in the above argument is to determin n a (g), n,b(g), n a (h), 
Ub(h). However, by the same argument as above, n a {g) +nb(g) is con- 
stant for {g\x g 7^ 0} U {g\y g 7^ 0}. This value must be ±1 because 
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{cr(A a ), cr(Ab)} U D generates M. Hence, by using A2 = \\n a (g) + 
Hirib(g), we have (A 2 ,/i 2 ) = ±(A 1 , y u 1 ). Thus we are done. □ 

5. Appendix 

Here, we give a proof of Theorem [13] by an argument similar to the 
one for II § 3, Theorem 2 of [23] . 

The following lemma is out of the starting point. 

Lemma 37. (II § 1, Corollary 6 of [23]) Let G be a locally compact 
abelian separable group. Assume that G acts freely on the diffuse stan- 
dard probability space (X,fi). Then for any E C X with fi(E) > 
and for any compact neighborhood K of e in G, there exists a mea- 
surable subset N of E and a Borel measure v on N with the following 
properties: 

(1) The set A := \J g£K gN is Borel measurable and fi(A) > 0. 

(2) There is a Borel isomorphism F : A = N x K such that 

/iF -1 — v <S> Haar measure. 

(3) Under this identification, we have 

g(y,h) = (y,gh) 

for y G Y, g G G, h G K with gh G K. 

As in Ornstein and Weiss [23J, we call a measurable subset N satis- 
fying conditions (l)-(3) in the above lemma a i^-base. Sometimes we 
would like to consider non-compact ICs such as semi-open intervals. 

We prove Theorem [TBI 

Proof . Take L G N so large that we have 2~ L+1 < e/10000 and take 
fieNso that 12/e - 16 < n - 1. Set 

Fi := [_2 L ( n - 1 )T,2 L(n - 1) T) x [-2 L(n ~ 1) A^, 2 L(n ~ 1) A^), 

F 2 ■= [_2 L («- 2 )r, 2 L{n_2) T) x [_2 L (™- 2 )jV,2 L(n - 2) A0, 

F n := [-T } T)x[-N,N). 



Claim 1. There exists an Fj-base Ui satisfying fi(FiUi) > 1/4. 
Proof of Claim 1. Let {V^} be a maximal family of -F\-basis satisfying 
FiVi P| FxVj = for any i ^ j, /i(Fi^) > for any i. Set 

= [_2 L ( n " 1 )+ 1 T, 2 Ll - n ~ V)+1 T) x [— 2 L ( n ~ 1 ) +1 iV, 2 i ( n ~ 1 ) +1 iV). 
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Then we have (J^ F[Vi is full measure. If not, by the above lemma, 
there would exist an Fi-base V satisfying V C X \ ((Ji-^i^)- This V 
satisfies F{V f] F{V~i = for any i, which contradicts the maximality of 
{Vi}. Hence we have //((J^iK) > V 4 - 

Claim 2. If n(FiUi) < 1 — e/2, there exists an F 2 -base U 2 such that 

Pl(F 2 U 2 )>pl(F 1 U 1 ) + €/W. 

Proof of Claim 2. Let {Vi} c *L l be a maximal family of F 2 -bases such 
that 

V x = |J {2 L{n - 2) (2k)T,2 L{n - 2 \2l)N)U u 

-2 L - 1 +l<k,l<2 L - 1 -l 

F 2 V i f]F 2 V j = for any % ^ j, fi{F 2 V^) > for any i. Set 
pi ._ j-_2i(™-2)+i^ 2 L ( n ~ 2 ) +1 T) 

x [_2 L(n ~ 2)+1 iV, 2 L(n ~ 2)+1 iV). 
Then by the same argument as in the proof of Claim 1, we have 

/ oo N 

Since F^Vi = F ± Ui, we have 

/ oo 



>vi=l 



Hence we have 
Set 

oo 

i=i 

Then we have 

(oo 
i=2 

> (1 - 2- L ) 2 f i(F 1 U 1 ) + (1 - a*(Fi^i))/4 

> - 2e/10000 + e/8 

> ^(FiC/O + e/16. 
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Claim i. If //(i^_iC/i_i) < 1 — e/2, there exists an Fj-base Ui such 
that 

KFiUi) > niF^Ui-!) + e/16. 

Proof of Claim i. By the same argument as in the proof of Claim 2, it 
is possible to find the desired Ui. 

We now come back to the proof of Theorem [13j If there exists m < n 
with fj,(F m U m ) > 1 — e/2, it is possible to construct an F n -base U from 
U m satisfying n{F n U) > 1 — e/2. If fi(F m U m ) < 1 — e/2 for all m < n, 
then the F n -base U n does the job because 

fi(F n U n ) > ^{F n _ x U n ^) + e/16 

> • • • 

> //(iWi) + (n- l)e/16 

> 1/4 + (3/4 - e) = 1 - e. 

□ 
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